A pseudopotential for positronium-atom interaction, based on electron-atom and positron-atom phase shifts, is constructed, and the phase shifts for Ps-Kr and Ps-Ar scattering are calculated.
I. INTRODUCTION
In this paper we develop an alternative low-energy method based on the use of the electron and positron scattering phase shifts, similar to the impulse approximation. It involves constructing model potentials that reproduce these phase shifts, and then adding them to describe the Ps-atom interaction. While this procedure is straightforward for positron scattering, the situation with electrons is more complicated. Due to the Pauli exclusion principle, the effective potential for the electron depends on its orbital angular momentum l, i.e., it becomes a pseudopotential [8] . When such a pseudopotential is averaged over the electron density distribution in the Ps atom, it becomes a nonlocal operator.
Another difficulty is related to inclusion of the long-range interaction. Accurate lowenergy electron and positron scattering phase shifts contain contributions of the atomic polarization potential. This potential is attractive for both electrons and positrons and behaves as −α/2r
4 at large distances, where α is the atomic dipole polarizability. (We use atomic units throughout.) An effective Ps-A potential including such contributions would behave as −α/r 4 , which is physically incorrect, as the dominant long-range Ps-A interaction is the van der Waals interaction −C 6 /R 6 . The latter potential results from the manybody Ps-atom, rather than single-particle (i.e., electron-atom or positron-atom) dynamics.
It can be obtained by including the two-body polarization potential (see, e.g., [9] ) in the Hamiltonian, which gives the total polarization interaction at large distances as 
where r e and r p are the electron and positron position vectors, respectively, relative to the target. Averaging of this potential over the electron and positron density distribution in Ps does lead to an effective van der Waals interaction [10] .
Alternatively, one can construct the positron-atom and electron-atom pseudopotentials using static (static-exchange) phase shifts for the positron (electron), i.e., neglecting the polarization. The Ps-atom van der Waals interaction can then be added, e.g., in the form
where C 6 is the van der Waals constant and R c is a cutoff radius. The C 6 values for Psatom pairs are known, e.g., from the London formula [11] , which gives C 6 = 152 a.u. for Kr and C 6 = 104.5 a.u. for Ar. (These values are close to the estimates obtained in Ref.
[12].) In contrast, the cutoff parameter R c cannot be determined rigorously, but the phase shifts and cross sections are sensitive to its choice. A similar problem is encountered when using the polarization interaction (1) , which also requires a cut-off at small distances. In the present calculations the radius R c is set by requiring that the cross sections given by the pseudopotential method merge smoothly with the elastic cross section calculated in the impulse approximation above the Ps ionization threshold [4] .
The rest of the article is organized as follows. First we discuss the construction of the pseudopotentials for e + and e − scattering from the static (static-exchange) phase shifts, and the derivation of the pseudopotential for Ps-atom scattering. We then present the results for Ps-Kr and Ps-Ar scattering and discuss the low-energy behavior of the cross sections.
For both atoms, the scattering length is positive, which implies effective repulsion at low energies and rules out the existence of the Ramsauer-Townsend minimum.
II. THEORY A. Pseudopotentials
We choose the positron-atom pseudopotential in the form
which represents the static e + -A repulsion, and where Z p and α p are fitting parameters. They are obtained by fitting the s-, p-and d-wave scattering phase shifts in the potential (3) to the positron scattering phase shifts in the static field of the ground-state atom calculated in the Hartee-Fock approximation (see Sec. II B). The parameter Z p plays the role of an effective nuclear charge. It can be different from the actual nuclear charge, since a low-energy positron does not penetrate deep into the atom.
The effective static-exchange potential for the electron is chosen as
where the second term represents repulsion due to the Pauli exclusion principle. This effect depends on the orbitals occupied in the atomic ground state, hence it is l-dependent. We also found that in general the ab initio static-exchange (Hartree-Fock) phase shifts cannot be reproduced using Z e = Z p . Therefore, we regard all parameters in Eq. (4) as l-dependent.
Formally this means that the effective electron-atom potential is a nonlocal operator with the kernel
where V l (r) are potentials given by Eq. (4). It is convenient to rewrite this expression as
where
Since the "direct" part of the potential V l (r) is close in magnitude, but opposite in sign to V p (r), v l (r) represents mainly the exchange interaction between the electron and the atom.
The Ps-atom pseudopotential can be now written as
In the static approximation we average this potential over the electron and positron density distribution in Ps given by |Φ(ρ)| 2 , where Φ(ρ) is the Ps ground-state wave function and ρ is the relative e − -e + coordinate. The relations between r e , r p and ρ are
where R is the position of the Ps center of mass relative to the target.
The average of the local part of the pseudopotential (8) reduces to the integral
which vanishes because the integrand is parity odd. This corresponds to a well-known fact that the static potential for the Ps-A interaction is zero. The remaining nonlocal part in Eq. (8) contains a strong repulsive core, and to make the calculations more tractable, it is convenient to represent v l (r e ) as
where the l-independent part v loc (r e ) contains the major repulsive contribution, and u l (r e ) accounts for the remaining l-dependent part. 
The average of the local part of this potential gives the local Ps-atom potential
while averaging the nonlocal part [second term in Eq. (10)] gives a nonlocal contribution to the Ps-A interaction,
where r = R + ρ/2 and r = R + ρ/2.
In performing these integrations, it is more convenient to switch to the integration variable r. Since the result depends only on the absolute magnitude of the vectors R and R , and on the angle between them, the integration in Eq. (12) can be performed in the coordinate system with the polar axis along the vector
We then have
where r = r + s and θ rr is the angle between r and r .
Integration over the polar angle θ in this coordinate system eliminates the δ-function (which ensures r = r ) and fixes the angles:
It also introduces a factor 1/s since
The Ps ground-state density is expanded in spherical harmonics as
where the expression for F l (r, R) is given in Appendix A (see also Appendix B in Ref. [13] ).
The Legendre polynomial P l (cos θ rR ) is the only part of expansion (14) which depends on the azimuthal angle φ in the integrand of Eq. (13) (θ rr does not depend on φ). Therefore we can perform integration over φ as
and Θ is the angle between R and R .
Thus, we obtain the nonlocal part of the Ps-atom potential as
It is convenient to expand this expression in Legendre polynomials,
Similarly, for the local part of the interaction potential, given by Eq. (11), we obtain
Substitution of the local and nonlocal potentials in the Schrödinger equation for the Ps-A system yields a set of radial equations:
where m = 2 a.u. is the Ps mass, and f L (R) is the radial part of the Ps center-of-mass wave function for the orbital angular momentum L.
The sums in Eq. (15) converge fast. With a proper choice of v loc (r e ), the sum over l can be truncated at l max = 2. Increasing l max to 4 has almost no effect on the phase shifts in the velocity range up to 2 a.u. The sum over l converges if l max ≥ 6.
B. Fitting parameters
The values of the parameters of the pseudopotentials in Eqs. (3) and (4), were determined by fitting the positron-atom and electron-atom scattering phase shifts obtained in the static potential of the atom calculated in the Hartree-Fock approximation [14] .
As mentioned in Sec. II A, for the positron, the same pseudopotential can be used for all partial waves. The static-field scattering phase shifts for the positron on Ar are shown in Fig. 1 , and the corresponding sets of parameters for Ar and Kr are given in Table I . For positron velocities up to 2 a.u., the pseudopotential phase shifts are within 1% of the actual static-field phase shifts and are indistinguishable from them on the scale of the plot. For the electron, the pseudo potential is optimised separately for each partial wave using the Hartree-Fock scattering phase shifts. The corresponding sets of parameters for Ar and Kr are given in Table I , and the the phase shifts for Ar are shown in For the electron, the pseudopotential is optimized separately for each partial wave, by fitting the Hartree-Fock scattering phase shifts. The corresponding sets of parameters for Ar and Kr are given in Table I , and the phase shifts for Ar are shown in Fig. 2 for l = 0-2. The pseudopotential for the s wave gives the phase shifts that are almost indistinguishable from the Hartree-Fock, and the fitted phase shifts for the p and d waves are also quite accurate.
The behavior of the positron and electron phase shifts and the quality of the pseudopotential fits for Kr are similar to those shown for Ar. For both atoms, the d-wave displays a broad resonance at the electron velocity v ∼ 1 a.u. (see Fig. 2 ).
III. RESULTS AND DISCUSSION
In this section, we present the Ps-atom scattering phase shifts calculated from Eq. (16) which contains the static Ps pseudopotential, and with the inclusion of the van der Waals interaction (2). We also use these phase shifts to compute the Ps-atom elastic scattering cross section, and compare our results with experiment and other theories. 
In this section we present the Ps-atom scattering phase shifts calculated from Eq. (16) which contains the static Ps pseudopotential, and with the inclusion of the van der Waals interaction (2). We also use these phase shifts to compute the Ps-atom elastic scattering cross section, and compare our results with experiment and other theories. Table I .
A. Ps-Kr scattering phase shifts (WHY "CONSIDERABLY? I THINK IT IS ABOUT THE SAME).
In particular, due to the van der Waals potential, the phase shift acquires a characteristic rise, ± 2 / k Analysis of the Ps s-wave phase shift at low momenta (δ 0 −Ak) yields the value of the scattering length A. In the static approximation we find A = 3.32 a.u., and when the van der Waals interaction is included we obtain A = 2.35 a.u. (for R c = 3.0), or A = 2.50 a.u.
(for R c = 3.5). These values can be compared with those of Mitroy and Bromley [15] , i.e., A = 3.18 a.u. in the static approximation, and A = 1.98 a.u. with the van der Waals interaction included. Note that because of the uncertainty in the van der Waals interaction effect in Ref. [15] , the corresponding scattering length varies between 1.22 and 2.26 a.u.,
with A = 1.98 a.u. being their best prediction. Analysis of the s-wave phase shift at low momenta, where ± 0 '°Ak, leads to the following values of the scattering length A: in the static approximation we obtain A = 3.32 a.u., and when the van der Waals interaction is included we have A = 2.50 a.u. These values can be compared with those of Mitroy and Bromley [16] , A = 3.18 and 1.98 a.u., respectively. Note that because of the uncertainty in the van der Waals interaction eAEect in their calculations, the corresponding scattering length varies between 1.22 and 2.26 a.u. in Ref. [16] , and A = 1.98 a.u. represents the best average value.
B. EAEect of the van der Waals interaction on the scattering length
As seen from the s-wave phase shift in Fig. 3 , the eAEect of the van der Waals interaction is not very significant. It does not change the sign of the scattering length (the way atomic polarization does for the electron and positron scattering), and there is no Ramsauer-Townsend 
B. Effect of the van der Waals interaction on the scattering length
As seen from the s-wave phase shift in Fig. 3 , the effect of the van der Waals interaction is not very significant. It does not change the sign of the scattering length (the way atomic polarization does for the electron and positron scattering), and there is no Ramsauer-Townsend minimum in the cross section. To understand this qualitatively and semiquantitatively, consider a model potential with a hard repulsive core of radius R 0 and a van der Waals "tail",
Here the repulsive core mimics the exchange interaction between the electron and the atom.
The s-wave radial Schrödinger equation for k = 0 at R > R 0 is
Its solution (up to a normalization constant) is
and J ν is the Bessel function. The scattering length, obtained from the asymptotic behavior
Here the factor (mC 6 /8) where it makes the scattering length negative. Obviously this is due to the shorter range of the van der Waals force as compared to the polarization force.
Alternatively, one can estimate R 0 using the mean radius of the outer atomic orbital r , e.g., as
where γ ∼ 1 is a dimensionless factor. For Kr, r = 1.95 a.u. [17] , and in order to obtain the correct scattering length, A = 2.35 a.u. (for R c = 3.0), we should choose γ = 1.61, which leads to R 0 = 3.14 a.u., close to our previous estimate of R 0 = 3.32 a.u.
We can use this simple model to estimate the Ps scattering lengths for other atoms. Although the model result for Xe looks somewhat overestimated, the model correctly predicts the trend of the scattering length A to increase with the atomic number Z. Although the van der Waals interaction (which makes A smaller) grows with Z, the increase of the where it makes the scattering length negative. Obviously this is due to the shorter range of the van der Waals force as compared to the polarization force. Open circles show the actual estimates from Table II .
Alternatively, one can estimate R 0 using the mean radius of the outer atomic orbital hri, e.g., as
where ∞ ª 1 is a dimensionless factor. For Kr, hri = 1.95 a.u. [17] , and in order to obtain the correct scattering length, A = 2.35 a.u. (for R c = 3.0), we should choose ∞ = 1.61, which leads to R 0 = 3.14 a.u., close to our previous estimate of R 0 = 3.32 a.u. [18], at low energies the s-wave phase shift behaves as
where α is the atomic polarizability. Here the characteristic quadratic part of the polarization contribution to the phase shift [second term in Eq. (22)] is negative (although the total contribution of the attractive polarization potential is positive). As a result, for a negative scattering length A, the phase shift passes through zero at small k > 0, leading to the Ramsauer-Townsend effect. In contrast, for A > 0 the phase shift decreases faster than linear, which gives rise to a maximum in the partial cross section. For example, a maximum is observed in electron scattering from Ne [19] , for which the scattering length is small and positive. (Note that although the maximum in the total cross section for Ne is observed at about E = 25 eV, the s-wave contribution peaks at E = 6.7 eV, still quite a large energy compared to the position of a typical Ramsauer-Townsend minimum.) One could call this phenomenon the "anti-Ramsauer" effect, although we are not aware of the use of such term in the literature.
A similar situation occurs in Ps-atom scattering, although now the additional contribution to the phase shift comes from the van der Waals interaction. As shown in Appendix B, the modified effective-range expansion of the s-wave scattering phase shift reads as
where B = 1 2 r 0 A 2 , and r 0 is the effective range [20] . The coefficient B depends on both the short-range and the long-range (van der Waals) interactions. If B > 0, the major correction to the −Ak behavior is negative, since the k 4 term is relatively small at low energies. Our calculations show that this is indeed the case, although the expansion (23) is valid only at very low energies. Hence, a weak anti-Ramsauer effect is observed. Naturally, the effect is small compared to that observed in electron-atom scattering because of the relative weakness of the van der Waals interaction compared to the polarization interaction.
The minimum at v = 0.67 a.u. observed in Fig. 6 for R c = 3.0 a.u. is due to the d-wave shape resonance, which is quite pronounced in the e − -Kr scattering [21] . However, in Ps-Kr scattering, this resonance is suppressed, as discussed in Sec. III A and seen in Figs. 3 and 4. Due to a strong background contribution, this resonance appears as a window.
To compare with the experimental Ps-atom total scattering cross section, the Ps ionization cross section should be added to the elastic cross section. Indeed, Ps ionization contributes significantly at velocities v > 0.5 a.u. As in the impulse-approximation calculations [4] , the ionization cross sections are taken from Ref. [22] . Figure 7 shows the elastic and total cross section computed in the present work together with the results of the impulse approximation and experiment. Although the experimental data [1] are not available at low velocities, the data point at v = 0.63 a.u. indicates that the cross section should slightly decrease towards lower velocities. This trend is confirmed by our results. The peaking of the experimental cross section at v ≈ 0.9 a.u. is also in agreement with our results. In addition, our calculation predicts a weak local maximum at v = 0.23 a.u. and a local minimum at v = 0.56 a.u. Both of these predictions call for experimental verification. −Ak behavior much more closely. This results in a decrease of the s-wave cross section, according to
where r 0 is, in fact, quite small. At the same time the p-wave contribution increases rather sharply from threshold, leading to a local maximum in the total cross section at v = 0.22 a.u.
in the static approximation (C 6 = 0), and an even more pronounced local maximum at v = 0.26 a.u. when the van der Waals interaction is included. The total elastic cross sections are shown in Fig. 9 .
The local maximum in the total cross section is controlled by the local part of the Ps-Ar pseudopotential for L = 0 and L = 1. Since this potential is very sensitive to the partial cancellation of the attractive part due to the e − -Ar interaction and the repulsive part due
to the e + -Ar interaction, the position and the magnitude of the maximum is subject to uncertainties. It is possible that effects not included in the present calculations, e.g., shortrange correlations, can change the position and shape of the maximum or even eliminate it completely. We note that the close-coupling calculations of Blackwood et al. [5] , which allow for the virtual excitations of the Ps, but keep the target atom frozen, do not exhibit error bars are from Ref. [1] . a low-energy maximum at all. However, they do show a local maximum at v = 1.1 a.u., which in our calculation is due to the d-wave contribution. Overall, Fig. 9 shows that there is a reasonable agreement with calculations [5] for v = 0.4-1.2 a.u.. One can also see that the effect of the van der Waals potential for Ar is smaller than it is for Kr (Fig. 6 ), and the cross section is not as sensitive to the choice of R c (which can be related to the smaller C 6 value for Ar). For a more detailed comparison between the present calculation and that of Blackwood et al. [5] , information on partial cross sections would be needed.
The Ps-Ar scattering length in the static approximation is A = 3.19 a.u., whereas the value calculated by Mitroy and Ivanov [9] is 2.85 a.u. After adding the van der Waals interaction we obtain A = 2.33 a.u. for R c = 3.0 a.u., and A = 2.14 a.u. for R c = 2.5 a.u. Comparing with the Ps scattering lengths obtained for Kr (Sec. III A), we see that the values for both atoms are quite close. While the Ar-Kr system has a smaller C 6 value, the Ar atom has a smaller radius, and the two effects largely compensate for each other (see Fig. 5 and Table II ).
As seen in Fig. 9 , the choice of R c = 3.0 a.u. matches better with the impulse ap- close-coupling calculations of Backwood et al. [5] , which allow for the virtual excitations of the Ps, but keep the target atom frozen, do not exhibit a low-energy maximum at all.
However, they do show a local maximum at v = 1.1 a.u., which in our calculation is due to the d-wave contribution. These diAEerences aside, Fig. 9 shows that there is a reasonable overall agreement between all calculations in the intermediate validity range. One can also see that the eAEect of the van der Waals potential for Ar is smaller than it is for Kr (Fig. 6 ), and the cross section is not as sensitive to the choice of R c (which can be related to the smaller C 6 value for Ar). For a more detailed comparison between the present calculation and that of Backwood et al. [5] information on partial cross sections would be needed.
The Ps-Ar scattering length in the static approximation is 3.19 a.u., whereas that calculated by Mitroy and Ivanov [9] is 2.85 a.u. After inclusion of the van der Waals interaction proximation results at higher velocity. However, the smaller value of R c = 2.5 a.u. leads to a better agreement with the experiment. Figure 10 shows the total cross sections for Ps-Ar scattering obtained for each of these cut-off radii. Whereas both theoretical curves describe well the overall behavior of the measured cross sections [23] at v > 0.5 a.u., the cross section obtained with R c = 2.5 a.u. agrees better with the measured absolute values.
This value also appears to be more physical, as it is smaller than the optimal cut-off radius of R c = 3.0 a.u. found for Kr.
IV. CONCLUSION
The pseudopotential model developed in the present paper describes Ps scattering from noble-gas atoms (Ar and Kr) at energies below the ionization threshold and matches the impulse-approximation results above the ionization threshold. Although experimental data are not available in the low-energy region, our results describe well the trend seen in the atoms are quite close. While the Ar-Kr system has a smaller C 6 value, the Ar atom has a smaller radius, and the two eAEects largely compensate each other (see Fig. 5 and Table II) .
As seen in Fig. 9 , the choice of R c = 3.0 a.u. matches better the impulse approximation results at higher velocity. However, a smaller value of R c = 2.5 a.u. leads to a better agreement with the experiment. In Fig. 10 we present the total cross sections for Ps-Ar scattering obtained for each of these cut-oAE radii. Whereas both theoretical curves describe well the overall behavior of the measured cross sections at v > 0.5 a.u., the cross section obtained with R c = 2.5 a.u. agrees better with the measured absolute values. This value also appears to be more physical, as it is smaller than the optimal cut-oAE radius of R c = 3.0 a.u.
found for Kr.
IV. CONCLUSION experimental cross sections to drop with decreasing velocity below v ≈ 1 a.u. In addition, our calculations predict zero-energy cross sections (or scattering lengths) which are in accord with stochastic variational calculations [9, 15] .
Analysis of the scattering phase shifts shows that the static Ps-atom interaction is repulsive. This repulsion arises from the electron Pauli exclusion from closed-shell atoms (while the pure electrostatic interaction is zero for the truly neutral Ps atom). The phase shifts also indicate that the role of correlations represented by the van der Waals interaction at low energies, is relatively small.
Because of the relative weakness of the van der Waals interaction compared to the polarization interaction in electron-atom scattering, the scattering lengths for both Ar and Kr are positive, and the Ramsauer-Townsend minimum is not observed for these targets.
The overall picture of Ps-A scattering is quite different from the e − -A scattering in the low-energy region. This is in stark contrast to the intermediate energy range from the Ps ionization threshold up to v ∼ 2 a.u. Here the Ps-A scattering is mostly controlled by the electron-atom exchange, which makes its cross section very similar to that for e − -A scattering. In the low-energy region, where the long-range interaction is important (especially for the electrons), this similarity disappears.
Although the van der Waals interaction in Ps-A scattering does not produce the Ramsauer-Townsend minimum, it can lead to more subtle features in the cross sections, such as low-energy maxima. However these features are subject to uncertainties because of a delicate balance between the repulsive and attractive components of the Ps-A interaction.
They can also be affected by other effects such as short-range correlations, which are not included explicitly in the present calculation. The uncertainty can be resolved by performing accurate measurements of Ps-A scattering at low energies, and by new fully correlated calculations for this interesting and challenging system. which are related to the modified Bessel function K l+1/2 (x) and I l+1/2 (x). Explicit expressions for the first few of these functions arê
The recurrence relations for these functions are z l+1 (x) = 2l + 1 x z l (x) + z l−1 (x),
where z l stands for eitherĵ l orĥ l . Using these, we obtain
and
In practice, expansion (A1) converges well by summing up to l max = 30 if, for high l, asymptotic expansions forĥ l andĵ l are used.
Appendix B: Modified effective range expansion for the van der Waals potential
We are interested in the behavior of the s-wave scattering phase shift δ 0 . According to the effective range theory for short-range potentials, it is given by the effective-range expansion [25] 
where A is the scattering length and r 0 is the effective range. Note that in the presence of a weakly bound state, r 0 > 0 [20] , but generally this is not true. For small momenta and phase shifts, it is more convenient to rewrite Eq. (B1) as
where B = In the presence of the long-range interaction −C n /r n the first "anomalous" term in the expansion (B2) is proportional to k n−2 [20] . This term can be calculated in the Born approximation according to the prescription given by Landau and Lifshitz [20] . The first two terms in the Eq. (B3) expression are of the same type as those in the effectiverange expansion (B2), while the last term is "anomalous", caused by the power-law behavior of the potential. Therefore, the modified effective-range expansion can be written as
where we have introduced the new parameters A , B > 0 to emphasize that they are different from those in Eq. (B2).
One might ask if this derivation is rigorous enough because of the use of the Born approximation. In fact, the expansion in Eq. (B4) can be derived from a more rigorous modified effective-range theory [26] for the −C n /r n potential. This theory shows that the first "anomalous" correction to the effective-range expansion of the phase shift can be obtained from the analytical continuation of the integral [26] , For a short-range potential, the low-energy behavior of the higher partial wave phase shifts is δ L ∝ k 2L+1 . This means that for 2L + 1 > 4, i.e., L ≥ 2, the "anomalous" correction
